A new version of holographic principle for (spherically symmetric) cosmology is proposed, which dictates that particle entropy within 'cosmological apparent horizon' should not exceed gravitational entropy associated with the horizon. It is shown that, in standard big-bang cosmology, Universes of all spatial curvature are consistent with the new holography. It is also shown that string inflationary cosmology is also compatible with the new holography, provided smooth 'graceful exit' mechanism is dynamically built in.
Holographic principle first put forward by 't Hooft [1] and, later, extended to string theory by Susskind [2] and Thorn [3] has emerged as a new paradigm for understanding semi-classical gravity. The most radical aspect of the principle is that microscopic degrees of freedom that build up the gravitational dynamics do reside not in bulk spacetime but in its boundary. Moreover, the number of boundary degrees of freedom per Planck area is bounded and constrained not to exceed unity.
Recently, initiated by Fischler and Susskind [4] 2 , the holographic principle has been studied extensively in the cosmological context [6, 7, 8, 9] . The cosmological holographic principle due to Fischler-Susskind demands that matter entropy enclosed inside a spatial volume of cosmological particle horizon should not exceed area of the horizon (measured in Planck unit). They have shown that a restricted class of flat or open universes are consistent with the requirement, while closed universe is not. Applied to the string inflationary cosmology [10] , it is also found [6] that the Fischler-Susskind holographic principle is satisfied, in pre-big-bang branch, for cold and flat or open Universe only (provided the universe makes a smooth graceful exit to post-big-bang branch) but not for closed Universe 3 .
One outstanding issue posed by the Fischler-Susskind holography has been the following question: on what grounds is the choice of particle horizon unique or justified for application of the holography principle? To appreciate the question better, one will only need to recall that, in cosmology, particle or event horizon refers to the entire past or future light-cones and hence to initial or final moments of the Universe, about which (semi-)classical description breaks down completely. As such, it would be highly desirable to reformulate the cosmological holography in terms of local geometric data only. In this paper, motivated by the question addressed above, we propose a new cosmological holographic principle based on the concept of 'apparent horizon', a boundary hypersurface of an anti-trapped region 4 . As will be discussed below, it turns out that there exists a natural gravitational entropy defined in terms of the apparent horizon and laws of cosmological thermodynamics thereof. The new holographic principle we propose in this paper then demands that matter entropy inside the apparent horizon should not exceed gravitational entropy associated with the apparent-horizon. We shall be applying the new holographic principle to the Friedmann-Robertson-Walker (FRW) cosmology and show that, in both the standard and the string inflationary cosmologies, universes with flat, open, or closed spatial sections are all consistent with the new holographic principle. This conclusion is in sharp contrast to that of Fischler-Susskind holographic principle, and again highlights sensitive dependence of the 2 Bekenstein has put forward exactly the same constraint [5] much earlier, and have used it to argue against an existence of cosmological singularity.
3 Related aspects of string cosmology have been studied in [11, 12, 13] . 4 For this reason, the apparent horizon is sometimes referred as 'trapping horizon'.
principle to the choice of fiducial horizon.
Cosmological Apparent Horizon and Gravitational Entropy: We shall be considering spatially homogeneous and isotropic Universe described by the FRW metric,
where k = 0, −1, +1 correspond to a flat, open or closed Universe respectively. The metric may be recasted into a spherically symmetric (but otherwise general) form:
where x 0 = t, x 1 = r and the two metric h ab = diag −1,
1−kr 2 is introduced. For spherically symmetric spacetime, Eq.(2), one can show that the 'aerial radius'r is a dynamical invariant.
One can then define a dynamical apparent horizon in terms of a condition ||∇r|| 2 ≡ h ab ∂ ar ∂ br = 0 to the aerial radius. It implies that the two-dimensional one-form ∇r is null (or degenerate)
on the surface of the apparent horizon 5 . Evaluating it explicitly, one finds
where H =ȧ/a is the Hubble parameter. One also finds that the expansion θ IN (θ OUT ) of the ingoing (outgoing) null geodesic congruence [14] is given by
The region of spherically symmetric spacetime is referred as trapped (anti-trapped) if the expansions of both in-and out-going null geodesics, normal to the spatial (d − 1)-dimensional sphere of a radiusr centered at the origin, are negative (positive). The region will be called normal if ingoing rays have negative expansion but the outgoing rays have positive expansion.
2 is anti-trapped (trapped) for H > 0 (H < 0) whereas the region
2 is normal. The boundary hypersurface of the antitrapped spacetime region is nothing but the apparent horizon surface. The ingoing rays outside the horizon actually propagate in the direction of the growingr, whereas the ingoing rays inside the horizon are moving toward the origin.
In the Einstein-de Sitter-like universe relevant for inflationary cosmology, where a(t) = a 0 e Ht , H = constant and k = 0, the apparent horizon,r AH = 1/H, is constant in time and coincides with the familiar event horizon of the de Sitter space. The anti-trapped region outside the apparent horizon in the de Sitter space can never be seen to the comoving observer located at the origin. In generic cosmological situations, however, the apparent horizon evolves in time, r AH =r AH (t) and visibility of the anti-trapped, outer region ought to depend on the time evolution of the apparent horizon. In case ther AH (t) shrinks with forward time evolution, the spatial region outside the horizon would never be seen. On the other hand, if it grows, the spatial region outside of the horizon at a given instance may become observable at later time. The situation is rather reminiscent of that with the apparent horizon of a black hole. Namely, the trapped region can never be seen by an asymptotic outside observer if the horizon of the black grows by an infalling matter, while once-trapped region may become visible if the apparent horizon shrinks by an evaporation of the black hole via Hawking radiation. Another dynamical invariant of the spherically symmetric spacetime Eq. (2) is a local energy inside a sphere of radiusr defined by
where G N is the d-dimensional Newton's constant, and
Physically, this energy represents local, active gravitational energy and turns out to be a (d+1)-dimensional generalization of the (3+1) dimensional energy defined originally by Misner and Sharp [15] . An interesting aspect of the invariant energy is that energy surrounded by the apparent horizonr AH is given by
AH , and agrees with the gravitational mass of (d + 1)-dimensional Schwarzschield black hole, once the cosmological apparent horizon is replaced by the event horizon of the black hole. Another interesting aspect of the invariant energy is that, utilizing the Einstein's equation, one can derive a dynamical version of the first-law of gravitational thermodynamics. Let us define T 
and 'energy-supply vector' (localized Bondi energy flux) by
Physically, the work density at the apparent horizon represents work done by a change of the apparent horizon, while the energy-supply vector at the apparent horizon represents total energy flow through the apparent horizon, facts already noted in Ref. [16] in the context of black holes.
Using the Einstein's equations, one can relate the variation of the invariant energy Eq.(5) to the above matter quantities by
where (8) is interpreted naturally as unified first law of cosmological thermodynamics. The entropy is associated with the energy-supply term, which in fact can be rewritten, with help of the Einstein equations again, as
Here, κ s represents the surface gravity and is defined by
At the apparent horizon, the last term in Eq. (9) vanishes and the dynamic gravitational entropy is then identified with S = A 4
, viz. a quarter of the area of the apparent horizon measured in the Planck unit. This is a direct (d + 1)-dimensional generalization of the definition of 'dynamic entropy' introduced earlier in the context of (3+1)-dimensional black holes [16] . More precisely, the 'dynamic entropy' associated with the 'cosmological apparent horizon' is
Let us now restrict our discussions to the homogeneous and isotropic, FRW Universe case.
The Einstein equations are
where the energy-momentum tensor is subject to the conservation law
The matter energy-momentum tensor projected to the (1 + 1)-dimensional subspace reads
From Eq. (12), the invariant energy is evaluated, in terms of the matter energy density, as Having examined the issue of the cosmological entropy and identifying the entropy Eq. (11) as the one satisfying the dynamical version of the first-law of cosmological thermodynamics, we now state our proposal of a cosmological holographic principle: the particle entropy inside the apparent horizon can never exceed the apparent-horizon gravitational entropy
where s denotes the matter entropy density measured in comoving space, which is constant in time, and Vol AH (t) =
denotes the comoving volume inside the apparent horizon.
The main difference of our proposal from the one of Fischler-Susskind lies in different choice of the fiducial horizon. Fischler and Susskind have used the gravitational entropy associated with the particle horizon as the maximal bound for matter entropy. In the cosmological context, there are two different kind of horizons based on the light-ray paths [17] . The cosmological 'particle horizon' specifying visible region for a comoving observer at time t, is expressed as
where G(x) ≡ x 0 dy/ √ 1 − ky 2 and t I represents the initial moment of the Universe. (In case the universe has no beginning, t I = −∞.) On the other hand, the cosmological 'event horizon' specifying the boundary of the spatial region to be seen in the future by the comoving observer is given byr
where t F is the final moment of the Universe. Clearly, both horizons are intimately attached with the initial or the final moment of the Universe, where our physical description in terms of semi-classical gravity often breaks down, and there is no clear physical reason why one should adopt one or the other (or both) in formulating cosmological holographic principle. Unlike particle or event horizons, the cosmological 'apparent horizon' in Eq. (3) does not refer at all to either initial or final moment of the Universe. As such, the new holographic principle based on the cosmological apparent horizon is free from strong quantum gravity regime and in fact is defined solely based on local geometric invariants (at least for spherically symmetric, but not necessarily homogeneous Universe).
Cosmic Holography Constraints of the FRW Universe: Generally, the holographic principle may restrict matter content of our Universe as it involves the particle entropy of Universe. As the matter content affects both geometry and evolution of the Universe, the Universe itself conformed with the holography principle may well belong to a restricted class.
In testing the holography condition, Eq.(16), against the FRW cosmology, we will be restricting our discussion to the cases in which matter content obeys a simple equation of state, p = γρ. The sound speed in the matter medium is then given by v s = √ γ.
For flat Universe (k = 0), the holography condition Eq.(16) reads
As a(t) = a 0 t 2 d(1+γ) for γ = −1 and a(t) = a 0 e H 0 t for γ = −1, one concludes that, for |γ| ≤ 1, the holography condition is satisfied for all subsequent evolution once it was at the Planck epoch. For |γ| > 1, which is inconsistent with special relativity, the holography condition is not satisfied at all epoch either.
For open Universe (k = −1), it is convenient to introduce the conformal time η,
and rewrite the metric Eq.(1) as
The holography condition, Eq. (16), now reads 4s
χ AH = sinh −1 r AH (η). The Einstein's equations, Eq. (12), is solved by
where κ = holography. We will now see that some differences arise in the case of the closed Universe. The holography condition for the closed Universe (k = +1) is
where χ AH = sin −1 r AH (η). The Einstein's equations, Eq. (12), are solved by
where η ∈ 0, is anti-trapped, while the region π − |κ|η ≤ χ ≤ |κ|η with π 2 ≤ |κ|η < π is trapped. Consequently, there are in general two distinct apparent horizons in the closed universe; one closer to the origin (χ = 0) and the other nearer to the antipodal point (χ = π). From the viewpoint of the comoving observer sitting at the origin, the closer apparent horizon
should be the relevant apparent horizon in evaluating the particle entropy enclosed by the apparent horizon, to which the comoving observer belongs. As the ratio 4sVol AH /A AH is symmetric about |κ|η = π/2, it suffices to test the holography condition only for 0 ≤ |κ|η < − 1, the holography condition is satisfied once it was at the initial Planck epoch. For γ > 1, there occurs a finite maximum of the ratio at a finite η, and the holography condition can be satisfied if it was at the maximum point.
In the Fischler-Susskind case, it turns out that the holography condition excluded the closed Universe only for . On the contrary, in the newly proposed holographic principle, the closed Universe with any value of γ turns out completely consistent.
String Cosmology and Cosmic Holography: We will be also applying the newly proposed holographic principle to string inflationary cosmology [10] . The (d + 1)-dimensional low-energy effective action of string theory is given by
where V 9−d , l s , φ, L M denote the volume of the (9−d)-dimensional compactified space, the string length scale, the dilaton field and NS-NS matter Lagrangian, respectively. We assume that the pre-big-bang branch is described by spatially homogeneous and isotropic and hence is described by the FRW metric in string frame:
The Einstein frame metric differs from the string-frame one by a conformal factor:
In what follows, we will denote the Einstein-frame factor by a E (t) = a(t)e
As for different choices of the metric, it is necessary to clarify a few points. The apparent horizon should be defined in terms of the Einstein frame metric, as the second law of the cosmological thermodynamics discussed earlier holds not in the string frame but in the Einstein frame. Thus, area of the apparent horizon representing the gravitational entropy ought to be evaluated again in the Einstein-frame metric. On the other hand, the coordinate entropy density of particles does not involve the scale factor, and hence it is frame-independent. Using the Einstein-frame metric, the coordinate apparent horizon is found to be
We will then compare the gravitational entropy,
AH = a E r AH , with the particle entropy, sVol AH .
We will also assume that the NS-NS matter defined by L M is effectively an ideal gas obeying an equation of state p = γρ. The Einstein's equations derived from Eq.(27) now read (ℓ s = 1)
Here, H =ȧ/a is the Hubble parameter in string frame, and ρ and p are the effective matter density and pressure. From these equations, one also finds that density and pressure of the matter are related byρ
For flat string Universe (k = 0), the holography condition Eq.(16) reads
In the pre-big-bang phase, the string equations of motion, Eq.(31) in d-spatial dimensions is solved by:
over the range −∞ < t < 0. Here, a 0 , φ 0 are overall constant factors and the coordinate time t is measured in string unit. The entropy ratio denoted as R in Eq.(33) is then found explicitly
From the requirement that the holography bound is to be satisfied at t → −∞, the NS-NS matter should be constrained by |γ| ≤ 1/ √ d. Likewise, in order not to violate the holography condition as t → 0 − , the pre-big bang phase ought to make a 'graceful exit' to the post-big
For open string Universe (k = −1), one finds it convenient to introduce χ AH (η) by
where ′ denotes a derivative with respect to the conformal time η ≡ t dt ′ /a(t ′ ). The holography condition is then given by
As shown in Ref. [6] , for γ ≤ 1, a E is a monotonically decreasing function in η ∈ (−∞, 0) . i Both a E and χ AH become large as η goes to −∞, and hence the holography condition is satisfied trivially in this early epoch. The entropy ratio then grows as η grows and a 'graceful exit' ought to occur before the inequality becomes saturated. Thus, with an appropriate 'graceful exit' mechanism, the open string Universe is again consistent with the holography.
Turning finally to closed string Universe (k = +1), let us again introduce χ AH by
The holography condition is now given by 
Note that χ AH = π/2 at the turning point a ′ E = 0. As in the standard big-bang cosmology, one ought to chooseχ AH ≤ π/2 out of the two solutions obeying Eq.(38) as the relevant apparent horizon. The Einstein scale factor a E takes a zero value initially, then grows and reach its maximum at the turning point, and subsequently decreases until it returns to the zero value. Thus, epochs of potential violation the holography condition, are the initial and the final moments. One thus finds that, by supplementing these two moments with appropriate initial or final (which amounts to the 'graceful exit' mechanism) conditions compatible with the holography condition, the closed string Universe can be consistent with the newly proposed holographic principle.
Two comments are in order. First, comparing the above results on string inflationary cosmology with those based on Fischler-Susskind criterion. Using their criterion, in our earlier analysis [6] , we have found that flat string Universe with matter is ruled out by the holography condition. In the newly proposed holographic principle, flat string Universe is perfectly consistent so long as an appropriate 'graceful exit' mechanism is provided. The difference stems from the fact that, in the pre-big bang phase, the particle horizon is infinite whereas the apparent horizon remains finite at all epoch. Second, the newly proposed cosmological holographic principle is based on 'dynamical apparent horizon' as a unique local geometric invariant of the cosmological background. In fact, in Eq.(2), one only assumes isotropy (spherical symmetry) of the background, but neither homogeneity nor (non)existence of specific cosmological singularities resulting in thereof.
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